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Single-Field Inflation After WMAP5
Laila Alabidi∗ and James E. Lidsey†
Astronomy Unit, School of Mathematical Sciences, Queen Mary,
University of London, Mile End Road, London, E1 4NS, United Kingdom
Single-field models of inflation are analysed in light of the WMAP five-year data. Assuming in-
stantaneous reheating, we find that modular/new inflation models with small powers in the effective
inflaton self-interaction are more strongly constrained than previously. The model with a cubic
power lies outside the 2σ regime when the number of e-folds is N ≤ 60. We also find that the
predictions for the intermediate model of inflation do not overlap the 1σ region regardless of the
power of the monomial potential. We analyse a number of ultra-violet, DBI braneworld scenarios
involving both wrapped and multiple-brane configurations, where the inflaton kinetic energy is close
to the maximum allowed by the warped geometry. In all cases, we find that the parameters of the
warped throat are strongly constrained by observations.
PACS numbers: 98.80.Cq
I. INTRODUCTION
The inflationary scenario postulates that the universe
underwent a phase of very rapid, accelerated expan-
sion in its distant past. Observations – most notably
from the anisotropy power spectrum of the Cosmic Mi-
crowave Background (CMB) – have provided strong sup-
port for the paradigm. Despite this success, however,
the mechanism which drove the inflationary expansion
has yet to be identified. Indeed, there remain many vi-
able versions of the scenario. (For reviews, see, e.g., Refs.
[1, 2, 3, 4, 5, 6, 7, 8].) In view of this, it is important
to constrain, and ultimately rule out, as many models of
inflation as possible.
In this paper, we consider a wide range of inflation-
ary models that are well motivated from particle physics
and unified field theory. We focus on models where the
cosmic expansion was driven by a single, self-interacting
scalar ‘inflaton’ field, φ. In general, single-field inflation-
ary models are characterised by the action
S =
∫
d4x
√−g
[
m2Pl
2
R + P (φ,X)
]
, (1.1)
where R is the Ricci curvature scalar, the ‘kinetic func-
tion’ P (φ,X) is a function of the inflaton field and its ki-
netic energy X ≡ − 12gµν∇µφ∇νφ, and mPl = (8πG)−1/2
is the reduced Planck mass. In the simplest versions of
the scenario, the inflaton has a canonically normalised ki-
netic energy, where P = X−V (φ) and V (φ) denotes the
inflaton potential. In many higher-dimensional models
motivated directly from string/M-theory, however, the
function P (φ,X) has a more complicated form. This is
the case, for example, in the Dirac-Born-Infeld (DBI) in-
flationary scenario, where inflation is driven by the prop-
agation of one or more D-branes [9].
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We compare both canonical and non-canonical mod-
els of inflation with the recent observational bounds
derived from the combined data of the Wilkinson Mi-
crowave Anisotropy Probe (WMAP) [10], Baryon Acous-
tic Oscillations (BAO) [11] and Supernovae (SN) surveys
[12, 13, 14, 15]. In Ref. [16], the three-year WMAP data
was employed to rule out for the first time a large fraction
of viable canonical models at more than 3σ. We begin
by reconsidering this analysis in the light of the WMAP
five-year data [10]. We find that the conclusions of [16]
are confirmed by WMAP5, with the improved bounds on
the scalar spectral index strongly constraining models of
modular inflation at more than the 2σ level.
We then proceed to consider non-canonical DBI brane
inflationary models driven by a wrapped D5- or D7-brane
[9, 17, 18]. We focus on the ‘relativistic, ultra-violet’ ver-
sion of the scenario, where the brane is moving towards
the tipped region of a warped throat with a kinetic en-
ergy close to the upper bound imposed by the warpfactor
of the higher-dimensional space. We find that indepen-
dently of the form of the inflaton potential, the geometry
of the warped throat must be strongly constrained if such
models are to satisfy the improved observational bounds
from WMAP5. We also consider extensions of the sce-
nario to multiple-brane configurations [19, 20] and find
that the same challenges arise as for the single-brane case.
The structure of the paper is as follows. In section
II, we summarise the current bounds on the observa-
tional parameters. In section III, we investigate models
of canonical inflation and determine which models are
still viable. In Sections IV and V, we derive new ob-
servational limits on wrapped and multi-brane UV DBI
inflation. We conclude with a discussion in Section VI.
II. SINGLE-FIELD INFLATION
For the action (1.1), the amplitudes of the scalar and
tensor perturbation spectra generated during inflation
2are given by [21]
P2S =
1
8π2m2Pl
H2
csǫ
, P2T =
2
π2
H2
m2Pl
(2.1)
respectively, where ǫ ≡ −H˙/H2, the sound speed of in-
flaton fluctuations is defined by
c2s ≡
P,X
P,X + 2XP,XX
, (2.2)
and a comma denotes partial differentiation. The corre-
sponding spectral indices are given by
1− ns = 2ǫ+ ǫ˙
ǫH
+
c˙s
csH
, nt = −2ǫ (2.3)
and the tensor-scalar ratio, r ≡ P2T /P2S , is
r = 16csǫ. (2.4)
In canonical inflation the sound speed of inflaton fluctu-
ations is equal to the speed of light, cs = 1. The scalar
spectral index is therefore determined by
1− ns = 6ǫ− 2η, (2.5)
where
ǫ =
m2Pl
2
(
V ′
V
)2
, η = m2Pl
V ′′
V
(2.6)
represent the ‘slow-roll’ parameters and a prime denotes
d/dφ. Successful slow-roll inflation requires a sufficiently
flat potential, {ǫ, |η|} ≪ 1.
The observed normalisation of the CMB anisotropy
power spectrum implies that P2S = 2.5 × 10−9. If it is
assumed that the scalar spectral index is effectively con-
stant over observable scales and that r is negligible, the
WMAP5 data [10] indicates that
ns = 0.963
+0.014
−0.015 (2.7)
at the 1σ confidence level. Combining WMAP5 with the
BAO and SN data reduces the uncertainty in the matter
density and results in an improved bound on ns when the
tensor-to-scalar ratio is included [10]. To be consistent
we also use the bounds from this data set in the case
where r is negligible:
ns = 0.96
+0.014
−0.013. (2.8)
It is important to note that even if the tensor-scalar ratio
is significant, the Harrison-Zeldovich spectrum ns = 1 is
still highly disfavoured. On the other hand, if the run-
ning of the spectral index, n′s, is treated as a free pa-
rameter, ns = 1 would be consistent with the data. The
upper limit on the tensor-scalar ratio from the combined
WMAP5 + BAO + SN data is r < 0.25 at the 2σ level
when n′s = 0 is assumed as a prior. This is relaxed to
r < 0.54 for n′s 6= 0.
Deviations from Gaussian statistics in the scalar per-
turbation spectrum are quantified in terms of the ‘non-
linearity’ parameter, fNL. In the equilateral triangle
limit, where the three momenta have equal magnitude,
the leading-order contribution to this quantity is deter-
mined by the kinetic function and its first three deriva-
tives [22, 23, 24]:
fNL =
5
81
(
1
c2s
− 1− 2Λ
)
− 35
108
(
1
c2s
− 1
)
, (2.9)
where
Λ ≡ X
2P,XX +
2
3X
3P,XXX
XP,X + 2X2P,XX
. (2.10)
Current limits on the non-linearity parameter are−151 <
fNL < 253 at the 2σ level [10].
Finally, the number of e-folds of canonical, slow-roll
inflation that occurred from the time t∗ when observable
scales first crossed the Hubble radius during inflation to
the epoch tend when inflation ended is given by
N = 1
m2Pl
∫ φ∗
φend
V
V ′
dφ. (2.11)
The value of N depends on the reheating temperature.
Requiring baryogenesis to take place at or above the elec-
troweak scale implies that N & 30. A value of N ≃ 60
corresponds to a GUT scale reheating and hence an in-
stantaneous change from inflation to relativistic matter
domination.
III. CANONICAL INFLATION
In order to decide whether a particular model is
favoured by the data or not we implicitly make the fol-
lowing assumptions in this Section:
1. The curvature perturbation was sourced entirely
from quantum fluctuations in a single, slowly
rolling scalar inflaton field and is purely adiabatic.
We work to leading-order in the slow-roll approxi-
mation.
2. The running in the spectral index vanishes1, n′s =
0.
3. The form of the potential under study remains valid
until the end of inflation.
4. The universe reheats instantaneously immediately
after the end of inflation.
1 This is a reasonable prior since the latest WMAP analysis con-
cludes that there is no support from the data to treat the running
as a free parameter [10].
35. Assuming instantaneous reheating, a reasonable
range of values for the number of e-folds between t∗
and tend is taken to be N = 54 ± 7, in accordance
with the literature and more specifically Ref. [25].
(We note, however, that the number of e-folds could
lie outside this region in either direction if further
assumptions are made).
In the following, therefore, when a model is said to be
‘excluded convincingly at more than a given confidence
limit for a given value of N ’, this should be understood
within the context of the above assumptions.
A. Small-Field Canonical Inflation
Small-field models are defined as those for which the
variation in the inflaton field is less than the reduced
Planck mass, |∆φ| ≡ |φ∗ − φend| < mPl. Typically, the
amplitude of gravitational waves generated in such mod-
els is undetectably small and the spectral index therefore
provides the key observational discriminator.
A general form for the small-field inflaton potential is
given by
V = V0
[
1−
(
φ
µ
)p]
, (3.1)
where {V0, µ, p} are constants. When p is an integer and
greater than 2, such a potential may be generated by
the self-coupling of the inflaton at tree-level. A poten-
tial of this form also arises in the new [26, 27, 28] and
modular inflationary scenarios [29, 30]. The mutated
hybrid models correspond to the ranges 2 < p < ∞
or −∞ < p < 1, where p is not necessarily an integer
[31]. The case p = −4 corresponds to certain braneworld
models, where the constant term arises from the warped
tension of the brane and anti-brane and the interaction
term originates from the attraction between the branes
[32, 33].
Another small-field model of interest is the supersym-
metric (SUSY) F -term potential resulting from one-loop
corrections of the waterfall field in SUSY hybrid inflation
[34, 35, 36]. In this scenario, supersymmetry is broken
spontaneously and the potential has the form
V = V0
(
1 +
g2
8π2
ln
φ
Q
)
, (3.2)
where Q and g are model-dependent parameters.
Finally, we consider the potential
V = V0
(
1− e−qφ/mPl
)
, (3.3)
with q =
√
2, which may be generated when the flat
direction in SUSY is lifted by adding a Kahler potential,
i.e., by adding kinetic terms [36]. (Note, however, that
this is not a small-field model as defined above, since
φ > mPl in the region where V0 dominates.)
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FIG. 1: Illustrating the dependence according to Eq. (3.4)
of the spectral index, ns, on the number of e-folds, N , for
fixed values of p. The light blue (dark blue) regions represent
the 1σ (2σ) confidence limits, respectively. The green line
(uppermost line) is the model (3.2) with p = 0 and the yellow
line corresponds to the potential (3.3) with p = −∞. The blue
lines represent mutated hybrid inflation with p = −3,−4. The
red lines are modular inflation models with p = 3, 4, 5, where
p = 3 corresponds to the lowest line.
All the above models are related through their observa-
tional predictions for the value of the spectral index. For
both the potentials (3.2) and (3.3), the slow-roll parame-
ter η dominates over ǫ during inflation. However, this is
only true for the potential (3.1) in the small-field regime
and we therefore implicitly assume2 that µ < mPl. The
fact that η ≫ ǫ implies that the spectral index is given
by ns − 1 ≃ 2η and, since ǫ is a continuously increasing
function of φ during inflation, this expression can be com-
bined with the number of e-folds, Eq. (2.11), to deduce
a general form for the spectral index [2, 38]:
ns = 1− 2
(
p− 1
p− 2
)
1
N . (3.4)
In Eq. (3.4), the SUSY F-term hybrid model (3.2) cor-
responds formally to p = 0 and the potential (3.3) to the
value p = −∞.
In Figs. 1-3, we explore the regions of parameter space
defined by {ns, p,N} that are consistent with the obser-
vations. In all cases, the bound (2.8) on the spectral
index is employed. In Fig. 1, the number of e-folds, N ,
is treated as an independent variable and the spectral
index, ns, is varied. The relation (3.4) is plotted for a
range of values for p. In Fig. 2, the parameter p is varied
with respect to N for a fixed ns. The bounds (2.8) are
highlighted to emphasise the allowed regions of param-
eter space. Finally, in Fig. 3, the value of p is varied
2 One could consider cases where µ > mPl, but this would corre-
spond to a large-field model, and would result in a larger tensor
fraction for which equation (3.4) would not apply [37].
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FIG. 2: Illustrating the power p in Eq. (3.4) versus the num-
ber of e-folds for fixed values of the spectral index. The light
blue (dark blue) regions represent the 1σ (2σ) confidence lim-
its, respectively.
FIG. 3: The dependence of the power, p, on the spectral in-
dex, ns, according to Eq. (3.4). The green shaded regions
correspond to the range of e-folds N = 54 ± 7. The over-
lap between the green and blue areas yields the values of p
consistent with the observations for this range of N .
with respect to the spectral index for fixed values of the
number of e-folds in the range N = 54± 7.
In [16], the original hybrid inflation model was ex-
cluded convincingly at more than 3σ. This is still the
case with the new data sets. On the other hand, the
p < 0 (mutated hybrid) and |p| → ∞ (exponential) mod-
els fit the data well for the reasonable range ofN . Within
the context of the present discussion, the key features of
the new data are the increase in the central value of the
spectral index and the narrowing of the error bars. As a
result, the p = 3 model of the new and modular inflation-
ary scenarios is now outside the 2σ region for N < 60,
as can be seen from Fig. 1. Referring to Fig. (3) and
considering positive values of p, we find that p > 3.74 is
Outside the Outside the
1σ region 2σ region
N = 47 p < 6.1 p < 3.74
N = 54 p < 4.32 p < 3.23
N = 61 p < 3.62 p < 2.96
TABLE I: The exclusion limits for positive values of p for
particular values of N , based on the combined WMAP5 +
BAO+SN data on the spectral index. All values of p < 0 are
included at the 1 and 2σ levels.
required for inclusion at the 2σ level if N = 47, whereas
p > 2.96 is necessary if N = 61. Moreover, for inclusion
at 1σ, these limits strengthen to p > 6.1 if N = 47 and
p > 3.62 if N = 61. The exclusion limits for various
values of N are summarised in Table I.
The fact that it is the lower-order terms that are con-
strained by the data is important from the theoretical
point of view, because it is difficult to motivate the sup-
pression of lower-order terms in a small-field theory. Such
a suppression requires either a significant fine-tuning of
the coupling terms or the introduction of a suitable sym-
metry. The problem of suppressing the quadratic term
in modular inflation was addressed in Ref. [39], where
a symmetry was identified. However, the majority of
model builders prefer to impose fine-tuning to suppress
this term [40] and this emphasises the difficulty of con-
structing a small-field model of inflation where a higher-
order term is responsible for inflation coming to an end.
This is an important open question that needs to be ad-
dressed.
B. Large-Field Canonical Inflation
Large-field models are characterised by the condition
|∆φ| & mPl. They are particularly interesting since a
super-Planckian field variation may generate an observ-
able tensor-scalar ratio [41]. The simplest class of large-
field models is based on a monomial potential, V ∝ φα,
where α is a positive [42] or negative [43, 44, 45] con-
stant. The former case corresponds to chaotic inflation,
whereas the latter corresponds to the intermediate in-
flationary scenario which was analysed in light of the
WMAP3 data in Ref. [46]. Assuming that the poten-
tial maintains this form up to the end of inflation, the
generic predictions for this class of models are:
1− ns = 2 + α
2N , r =
8[N (1− ns)− 1]
N (3.5)
for α > 0, and
1− ns = |α|(|α| − 2)
φ2∗
, r =
8α2
φ2∗
(3.6)
for α < 0.
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FIG. 4: Illustrating the dependence of the tensor-scalar ratio, r, on the spectral index, ns, for a given number of e-folds, N ,
when the inflaton potential has a monomial form with α > 0. The light blue (dark blue) regions represent the 68% (95%)
confidence limits, respectively. The blue line corresponds to N = 30, the red line to N = 47 and the green line to N = 61.
The black, dash-dotted line represents the α = 1 (η = 0) linear potential, below which potentials are concave downward. The
observational data is from the combined WMAP5+BAO+SN set applied to the ΛCDM+tensor model without running in the
spectral index. The contours were generated using the Matlab scripts provided by the Cosmomc package and are smoothed to
one degree. The horizontal dashed line is the expected sensitivity of the Planck satellite for detecting the tensor-scalar ratio.
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FIG. 5: The predictions of the intermediate inflationary sce-
nario driven by a monomial potential with α < 0. The shaded
regions are defined in Fig. 4.
Since the predictions of a particular model are sensi-
tive to the number of e-folds that elapsed between ob-
servable scales leaving the horizon and the end of infla-
tion, we have plotted Eq. (3.5) for different values of
N = (30, 47, 61) in Fig. 4. On each line we have identi-
fied the predictions for specific values of α in the range
0.1 ≤ α ≤ 4. We note that for potentials with α ≥ 2,
N > 61 is required in order for the predictions to lie
inside the 1σ contour.
It is interesting to consider what one might be able to
deduce from the (r, ns) plane in the near future with re-
gard to concave-downwards potentials (α < 1), especially
given the anticipated results from the Planck surveyor.
This class of models is of relevance to braneworld infla-
tion within the context of type IIA string theory com-
pactified on a six-dimensional, bulk space that is com-
prised of two nil-manifolds [47]. Depending on the direc-
tion in which the brane moves, the leading-order term
in the effective inflaton potential is a monomial with
6α = 2/3 or α = 2/5.
The Planck surveyor is expected to be sensitive to a
primordial gravitational wave background of r & 0.05, as
shown by the horizontal dashed line in Fig. 4. For illus-
trative purposes, let us suppose that the allowed range
of values for ns deduced from the Planck data at a given
confidence level turns out to be similar to that from
WMAP5 with the same set of priors3. In that case, Fig.
4 indicates that a tensor background would not be de-
tectable for α . 2/3 when the number of e-folds is in the
range N = 54± 7, but could be for N ≃ 30, for example.
The α = 2/5 model, on the other hand, predicts that
r . 0.05 for all N & 30.
Finally, we consider the implications of WMAP5 for
the intermediate inflationary scenario. Rearanging Eq.
(3.6) implies that [46]
1− ns = |α| − 2
8|α| r (3.7)
and Eq. (3.7) is plotted in Fig. 5 for various values of α.
It should be noted that this model leads to eternal infla-
tion and some hybrid mechanism is therefore required in
order to bring inflation to an end. In this sense, the value
of the inflaton field at the end of inflation is unspecified
and, consequently, any value for N is possible in princi-
ple. Nonetheless, we deduce that r → 8(1 − ns) in the
limit |α| ≫ 2. This limit is shown in Fig. 5 and does
not intersect the 1σ region. For this particular combina-
tion of data sets, therefore, the intermediate scenario lies
outside the 1σ contour for all values of α and all models
with |α| < 1.72 lie outside the 2σ regime.
IV. INFLATION WITH WRAPPED BRANES
The DBI inflationary scenario is based on the com-
pactification of type IIB string theory on a Calabi-Yau
(CY) three-fold [9]. Non-trivial form-field fluxes generate
warped ‘throat’ regions within the CY space and inflation
arises when a D-brane propagates inside such a throat.
The inflaton parametrises the radial position of the brane
and, since this is an open string mode, its dynamics is
determined by a DBI action.
In general, the metric inside the throat has the form
ds2 = h2ds24 + h
−2(dρ2 + ρ2ds2X5 ), where the warpfactor
h(ρ) is a function of the radial coordinate ρ along the
throat and the base X5 is an Einstein-Sasaki manifold.
When the throat geometry is AdS5×X5, the warpfactor
is h = ρ/L, where L4 ≡ (4π4gsN)/[Vol(X5)m4s] defines
the AdS radius, N represents the D3-brane charge on the
cone, Vol(X5) is the dimensionless volume of the base
3 Naturally, we do not expect it to be the same. The purpose of
this discussion is to illustrate how the method could be employed
in practice when the data is made available.
with unit radius, and ms and gs denote the string mass
and coupling, respectively.
A well-motivated exact warped geometry is provided
by the Klebanov-Strassler (KS) background, where the
base is X5 = T
1,1 with Vol(T 1,1) = 16π3/27 [48]. More-
over, in the F-theory interpretation of type IIB compacti-
fications, the global tadpole cancellation relates the back-
ground charge to the Euler characteristic, χ, of the CY
four-fold such that N = χ/24 [49]. For the case of four-
fold manifolds that are known explicitly, χ < 1, 820, 448,
which implies that N < 75, 852 [50].
In the original version of the scenario, inflation was
driven by the motion of a D3-brane [9]. However, this
model is inconsistent with the data if |fNL| is large
[51, 52, 53, 54]. Recently, extended versions involving
D5- and D7-branes wrapped over cycles of the throat
have been considered [17, 18]. The key difference be-
tween these models is the relationship between the in-
flaton field and the radial coordinate. When the NS-NS
two-form potential vanishes this is given by
φ2n+3 =
√
T2n+3v2nL2nρ (4.1)
for an AdS5 × X5 throat, where we denote the D(3 +
2n)-brane by the subscript n = (0, 1, 2), T3+2n ≡
m2n+4s /[(2π)
3+2ngs] defines the brane tension and v2n
represents the wrapped volume. (Note that v0 ≡ 1.)
The effective four-dimensional action for the brane dy-
namics is then given by Eq. (1.1) with a kinetic function
[17, 18]:
P2n+3 = −T (φ)
(
1− 2X
T (φ)
)1/2
− V (φ) + T (φ), (4.2)
where the warped brane tension is defined by
T (φ2n+3) ≡ T2n+3v2nL2nh4(φ2n+3). (4.3)
The warped nature of the geometry imposes an upper
limit on the inflaton’s kinetic energy. In this and the
following Section, we consider the ‘relativistic, ultra-
violet’ DBI scenario, where this upper limit is saturated,
φ˙2 ≃ T , and the brane is moving towards the tip of the
throat, φ˙ < 0. We do not specify the form of the in-
flaton potential (subject to the condition that a phase
of quasi-exponential expansion is generated). It follows
that
φ˙2n+3 ≃ −A2n+3φ22n+3,
A22n+3 ≡
1
T2n+3v2nL2n+4
. (4.4)
Moreover, the scalar perturbation amplitude has the
form
P2S =
H4
4π2φ˙2
(4.5)
and, since cs ≪ 1, the non-linearity parameter is given
by fNL = −1/(3c2s) [24, 55].
7The observable parameters in this scenario are
{P2S, r, ns, fNL}, whereas the key parameters describing
the warped throat are {Vol(X5), gs, N}. Our aim is to
constrain these parameters with the WMAP5 data in a
way that is independent of the inflaton potential. We
proceed by substituting Eq. (4.4) into the scalar pertur-
bation amplitude to deduce that(
H
φ2n+3
)4
= 4π2P2SA22n+3. (4.6)
Assuming a quasi-de Sitter expansion, we differentiate
Eq. (4.6) with respect to the comoving wavenumber,
k = aH/cs [21, 52, 53]. Substituting Eqs. (2.4) and (4.6)
into the result then yields a constraint equation involving
the spectral index:
r
√
−fNLPS − 4√
3
(1− ns)
√
PS = Q, (4.7)
where we have defined the quantity
Q =
16√
3
(
A22n+3
4π2
)1/4
=
1√
3
[
215+n
π3v2n
1
g
n/2
s
(
Vol(X5)
N
)(2+n)/2]1/4
.(4.8)
The left-hand side of Eq. (4.7) is determined entirely
by observable quantities, whereas the right-hand side
depends on field-theoretic parameters. Since WMAP5
strongly favours a red perturbation spectrum (ns < 1)
[10], Eq. (4.7) yields the upper limit
Q < r
√
−fNLPS < 0.02 (4.9)
once current observational bounds are imposed. It fol-
lows, therefore, that rearranging Eq. (4.8) in the form
Vol(X5)
N
=
[
9π3v2n
215+n
Q4
]2/(2+n)
gn/(n+2)s (4.10)
leads to an observational upper limit on the ratio
Vol(X5)/N . Invoking the canonical values v2 ≃ 4π and
v4 ≃ 8π2/3 for the wrapped volumes, respectively, we
find that
Vol(X5)
N
∣∣∣∣
D5
< 4.2× 10−6g1/3s
Vol(X5)
N
∣∣∣∣
D7
< 9.5× 10−5g1/2s . (4.11)
With a typical value of Vol(X5) ≃ O(π3), the ratio
Vol(X5)/N & 4× 10−4 for all currently known CY four-
folds. We may conclude, therefore, that consistency with
the data for both the wrapped D5- and D7-brane models
would require either a smaller than expected value for
the base volume or the discovery of new classes of CY
four-folds with a larger Euler number.
The theoretic lower bound on Vol(X5)/N can be re-
duced by allowing the brane to wind around the cycle of
the throat or by wrapping it around a base that is orb-
ifolded. For example, if a D5-brane has a winding number
p and wraps around a cycle of T 1,1 that is orbifolded by
Zq, the normalisation S ≡ φ2/ρ2 is altered by a factor of
p/q [17]. This modifies the value of the parameter A5 de-
fined in Eq. (4.4) by a factor (q/p)1/2 and, consequently,
the value of Q by (q/p)1/4. It follows, therefore, that the
upper bound (4.11) for the D5 scenario becomes
Vol(X5)
N
∣∣∣∣
D5
< 4.2× 10−6
(
p
q
)2/3
g1/3s . (4.12)
This implies that a large amount of winding or orbifold-
ing is required.
It is interesting to consider how the constraints (4.11)
compare to previously known bounds in the light of
the WMAP5 data. There exists a field-theoretic upper
bound on the tensor-scalar ratio in these scenarios, which
arises because the warped nature of the bulk manifold re-
stricts the maximally allowed variation in the value of the
inflaton field [51, 56]. For the D5 and D7 models, this
constraint was recently expressed in terms of the upper
bound [18](
Vol(X5)
N
)n+2
< 4(1−n)π6gns v
2
2nP4S . (4.13)
Comparison with Eq. (4.8) implies that this constraint
can be expressed succinctly in the form
Q < 16
(PS
3
)1/2
. (4.14)
The WMAP3 data imposed the limits fNL < −300
and r < 0.5 at the 1σ level, which implies that the up-
per bound (4.9) would have been Q < 0.06. This is
comparable in strength to the theoretic bound (4.14).
Indeed, prior to the WMAP5 data, the wrapped D7-
brane scenario was still compatible with such a limit
if Vol(X5) ≃ O(π3) and gs > 0.2 [18]. However, the
WMAP5 data has strengthened the bound (4.11) on
Vol(X5)/N by a factor of 3
8/(n+2) with the result that
all wrapped versions of the scenario now face theoretical
challenges if they are to be consistent with the observa-
tions.
It is also interesting to note that post WMAP5, the
limit (4.12) is comparable numerically to a correspond-
ing limit for the ratio Vol(X5)/N derived in Ref. [17].
(The limit (4.12) would have been weaker by a factor
of approximately 20 if the WMAP3 data had been em-
ployed). However, the analysis of Ref. [17] was restricted
to the specific case of a quadratic potential and did not
consider the observational constraints on the spectral in-
dex. Since the above analysis was independent of the
potential, this indicates that any modifications to V (φ)
are unlikely to significantly weaken the upper limit on
Vol(X5)/N .
8In conclusion, therefore, one of the consequences of
the WMAP5 data is that the strongest constraints on
the wrapped, relativistic, UV DBI inflationary scenario
now arise from the observable (r, ns) plane. On the other
hand, it is important to note that backreaction effects are
more significant in the wrapped scenarios when the brane
is moving relativistically [17, 57]. Consequently, a more
detailed analysis of such effects is required before these
models can be concretely excluded. Nonetheless, it is
known that a wrapped D5-brane with flux is dual to n
coincident D3-branes in the large n limit [58]. In view of
this, we proceed in the next Section to consider inflation
from multiple-brane configurations.
V. INFLATION WITH MULTIPLE BRANES
In general, the theory of multiple-brane configurations
is non-Abelian since n coincident branes have open string
degrees of freedom which combine to fill out representa-
tions of U(n). Recently, the effective action for n coinci-
dent D3-branes was derived in the finite n limit by em-
ploying an iterative technique based on the fundamental
representation of SU(2) and taking an appropriate sym-
metrized trace over the gauge group [19, 20]. It was found
that for all values of n, the kinetic function has the form
P = 2T3

h4
√
1 + (n− 1)2Y
(
1− φ˙
2
T3h4
)−1/2

−nT3(V − h4)(5.1)
in the ‘relativistic’ limit φ˙2 ≃ T3h4, where Y is defined
by
Y ≡ 1
π2(n− 1)4
m4s
T 23
(
φ
h
)4
. (5.2)
It was further shown that backreaction effects are kept
under control for sufficiently small values of n ≤ 10 [20].
We consider the relativistic, UV DBI scenario, where
the branes are moving down an AdS5 ×X5 throat such
that h = φ/(
√
T3L) and φ˙ = −φ2/
√
T3L4. The parame-
ter Y = 4π2gsN/[(n− 1)4Vol(X5)] therefore takes a con-
stant value. It follows from Eqs. (2.2) and (5.1) that the
non-linearity parameter is related to the sound speed of
the inflaton fluctuations by fNL ≃ −0.3/c2s [20]. It can
be further shown that the scalar perturbation amplitude
for this multi-brane scenario is given by [20]
P2S =
1
50
H4
T3h4
√
1 + (n− 1)2Y
1
(−fNL) . (5.3)
In principle, this scenario could be constrained obser-
vationally by deriving the analogue of Eq. (4.7). How-
ever, the dependence of the scalar perturbation ampli-
tude on the non-linearity parameter introduces an addi-
tional term involving the running nNL ≡ d ln fNL/d lnk.
Although this parameter might be detectable in future
experiments, there is presently no data available to con-
strain it. To proceed, therefore, we need to invoke a
further assumption by specifying the form of the poten-
tial. In general, a mass term is expected to be generated
below a critical scale due to the breaking of conformal
invariance. We therefore consider a quadratic potential,
V = m2φ2/2.
To generate a phase of quasi-exponential expansion,
ǫ = −H˙/H2 ≪ 1, the inflaton potential must dominate
the energy density. In this case, the Friedmann equation
reduces to H2 ≃ V/(3m2Pl) and it follows that
ǫ =
1√
T3L4
φ
H
= constant. (5.4)
The consistency equation (2.4) then implies that the
scalar perturbation amplitude varies as P2S ∝ 1/fNL ∝
c2s ∝ r2 = P4T /P4S. Differentiating with respect to co-
moving wavenumber therefore implies that
ǫ =
3
4
(1− ns),
r =
6.6(1− ns)√−fNL (5.5)
and we may deduce immediately that this model predicts
a red perturbation spectrum, as favoured by the WMAP5
data.
The ratio Vol(X5)/N can be constrained by substitut-
ing Eqs. (5.2) and (5.4) into Eq. (5.3). We find that
P2S = −
n− 1
50π2g
1/2
s fNLǫ4
(
Vol(X5)
N
)3/2
, (5.6)
and it follows from the consistency equation (5.5) that
Vol(X5)
N
= 29(−fNL)2/3P4/3S (1− ns)8/3
g
1/3
s
(n− 1)2/3 .
(5.7)
Imposing current WMAP5 upper limits on the observable
parameters then implies that
Vol(X5)
N
< 1.8× 10−6 g
1/3
s
(n− 1)2/3 . (5.8)
We conclude, therefore, that when confronted with the
observations, the multi-brane scenario (with a quadratic
inflaton potential) faces the same theoretical challenges
as the single, wrapped configurations: either a new class
of CY four-fold is required or the base manifold X5 must
be orbifolded.
On the other hand, despite such issues, it is inter-
esting to note that the multi-brane scenario predicts
a strong lower limit on the tensor-scalar ratio. Since
0.935 < ns < 0.98 at the 1σ level, Eq. (5.5) implies
that 0.01 < r < 0.43/
√−fNL, where we have saturated
the WMAP5 bound fNL > −151 in the lower limit. This
9implies that the prospects for detecting primordial grav-
itational waves from this model with future space-based,
all-sky CMB polarisation experiments are good. More-
over, Eq. (2.4) may be expressed in terms of observable
parameters such that r + 8nt ≃ −
√−3fNLr. As shown
in Ref. [55], deviations of this form from the standard
inflationary consistency equation, r = −8nt, could be de-
tected in future CMB surveys if r & 0.2/
√−fNL. Substi-
tuting this limit into Eq. (5.5) therefore implies that such
a detection could be possible if ns < 0.97. This would
provide a powerful observational discriminant for break-
ing the degeneracy between canonical and non-canonical,
single-field inflation.
VI. DISCUSSION
In this paper, we have considered the status of a wide
class of single-field inflationary models in the light of the
recent WMAP5 data. For the reasonable range of e-fold
values aforementioned, N = 54 ± 7, we conclude that
modular/new inflation models with 2 < p . 3 are under
pressure from the data and that p < 0 and |p| → ∞ sat-
isfy the observations. The required suppression of lower-
order terms in the p > 0 models poses a challenge to
model builders, as discussed in Section III. Moreover, it
is significant that independent data sets are now con-
verging towards a preferred value of ns, with only tiny
differences between WMAP5 only, WMAP5+SDSS [59]
and WMAP5+BAO+SN data. This convergence implies
that we can be more confident as to what represents a
viable model from a phenomenological point of view.
We have also shown that the intermediate inflationary
scenario can only satisfy the data at 2σ for |α| ≥ 1.72,
and that the predictions of the model do not overlap the
1σ region for any value of α.
We emphasize that the above conclusions follow from
assuming that the reheating of the universe immediately
after inflation was instantaneous. However, the precise
duration of the reheating process is not known. In par-
ticular, for a quadratic potential, a matter dominated
phase may arise if the inflaton oscillates about its poten-
tial minimum for an extended interval before decaying.
This would alter the number of e-folds that elapsed from
the epoch when observable scales first crossed the Hubble
radius during inflation to the time when inflation ended.
In general, the number of e-folds depends on the effective
equation of state after inflation and this would need to be
known if a more precise value of N is to be determined.
Complementary to our work is that of Ref. [60], where
the authors start from the different stand point of aim-
ing to construct the most general inflationary potential
using slow-roll reconstruction with a specific e-fold and
reheat temperature prior. Reconstructing the inflation-
ary slow-roll parameters and not the spectral parame-
ters from the data has the advantage of directly probing
more fundamental parameters. They locate regions in
ǫ, η space which are consistent with the WMAP5 data,
and this allows to reconstruct the Hubble parameters and
therefore (via the Hamilton-Jacobi equations) the infla-
tionary potential. The authors also analyse higher-order
parameters, but for the purposes of this work, we only
need mention that the simplest fit is consistent with the
crucial prior of N > 15, which we interpret as support
for the inflationary paradigm.
We have also considered the relativistic, ultra-violet,
DBI braneworld scenario, where the inflaton is identi-
fied in terms of the radial position of a wrapped D5- or
D7-brane. We found that when the brane’s kinetic en-
ergy is maximised, new constraints on the parameters
of the bulk geometry can be derived from the WMAP5
data in the (r, ns) plane. Such constraints are indepen-
dent of the precise form of the inflaton potential and
are stronger than existing limits originating from field-
theoretic bounds on the tensor-scalar ratio. In all cases,
consistency with the data requires a significant reduc-
tion in the volume of the base or the discovery of new
classes of Calabi-Yau four-folds which allow for larger
Euler numbers.
We then extended our analysis to a recently proposed
relativistic, multi-brane DBI scenario. For the case where
the inflaton has a quadratic potential, we found that
the predicted value of the spectral index is compatible
with observations. However, the ratio Vol(X5)/N is still
strongly bounded from above, as in the single brane mod-
els, and consequently the same theoretical problems arise
in this case also.
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